In this article, an elliptic equation, which type degenerates (either weakly or strongly) at the axis of a 3-dimensional cylinder, is considered. The statement of a Dirichlet type problem in the class of smooth functions is given and, subject to the type of degeneracy, the exact classical solutions are obtained. The uniqueness of the solutions is proved.
Statement of the problem and preliminaries
In this paper, we deal with the following Dirichlet problem. 
Problem D
are fulfilled.
Besides, we assume here that f and f i are π -periodic functions in ϕ. (The concrete requirements concerning the smoothness of these functions will be given below. ) Let us note that the difference between Problems D and D is only this: in Problem D the compatibility condition () is more general than in Problem D, where this condition is of the shape f ϕ, (i -)H = f i (R, ϕ) =  ∀ϕ ∈ [-π, π], i = , .
As is mentioned in [] , the partial case of problem (), () when f i (r, ϕ) ≡  and f (r, (i -)H) = , i = , , is investigated in [] . Here, assuming that f ∈ C  (S), the exact solution u  ∈ C  (Q  ) ∩ C(Q) is composed; specifically, it is of the shape
mn are the coefficients of the Fourier expansion
, R mn are bounded at the point r =  solutions of the equation
i.e.,
where I ν and K ν are the modified Bessel functions of the first and second kind of order ν [] . It follows directly from () that
for each (ϕ, z) ∈ S, i.e., the solution u  is continuous on the line of degeneracy r = .
Problem Dwith zero valued boundary conditions on the edges of cylinder Q
Primarily, we consider Problem D under the particular condition
instead of the condition (). So, we seek the solution of this problem which is equal to zero on the two edges of cylinder Q. To this end, we shall use the results obtained in [, ] .
Theorem  Let the functions f and f i , i = , , be such that:
(ii) f i and
, and
uniformly with respect to ϕ (in the case when α < );
Then there exists the unique solution u of Problem D such that:
, and for α =  under
Proof Let u  be the solution of equation () defined by (). Then, as is mentioned above, 
this sum satisfies boundary value conditions (), (), evidently. Further, by virtue of (), the equalities
hold, i.e., the sum u = u  + u () is equal to zero on the edges of cylinder Q.
Further, as is shown in [], we have the inclusion
(under conditions (ii), (iv)) and also for α <  (under conditions (ii)), and the inclusion 
Problem D2 with non-zero conditions on the ages of cylinder Q
If the condition () is not fulfilled, then a solution of Problem D cannot be obtained in the same way as above. In this case we consider the auxiliary problem.
Assuming that the assumption (i) is fulfilled we expand the function f by the double Fourier series
where
According to the assumption f ∈ C  (S), this series converges uniformly and absolutely in
. By the method of separated variables, we represent the solution u a of Problem D A by the series
where R mn (r), m ∈ N  , are the solutions of equation () defined by () for all n ≥  if c = , and for all n ≥  if c = , whereas
if c = . Hence, in the case when c = , the series () can be rewritten as follows:
It is easily seen that u a (R, ϕ, z) = f (ϕ, z). Since the functions R mn (r), m, n ∈ N  , are monotonically decreasing on the interval (, R) for all α > , i.e.,
by virtue of the absolute convergence of the series (), we have the estimate
Thus, the series () converges uniformly and absolutely in Q; consequently, u a ∈ C(Q).
The inclusion u a ∈ C  (Q  ) can be justified just in the same way as, for instance, the same 
which can be represented by the series ().
Next, we consider the behavior of the derivatives of solution u a as r → .
Proof Under the assumption of the lemma, equality () is term-by-term differentiable with respect to ϕ. Particularly,
besides, due to the assumption f ∈ C  (S), the series on the right-hand side converges also uniformly and absolutely. Thus,
Since the functions R mn (r) are monotonically decreasing on the interval (, R) for all α > , we obtain
i.e., the derivative 
and
by straightforward calculation, we obtain for the following asymptotic expressions as r → :
If c = , then, obviously,
Thus, if   < α < , then we have the relation
for all n ∈ N  . Differentiating equality () with respect to r and taking into account (), we obtain
Observe that I  (μ n R -α ) → ∞ as n → ∞ (because of the asymptotic properties of the
. Therefore, the series on the right-hand side of the last equality converge uniformly and absolutely, i.e.,
, then the asymptotic relations () do not hold. However, in this case
for all n ∈ N  . Therefore, it follows from () that
uniformly in S. Since α < , this yields ().
Lemma  Let α ≥ . Assume that inclusion f ∈ C  (S) holds. Then the solution () of Problem D A satisfies the condition () and, if c = , it satisfies the condition
R  r -α  dr π -π u a (r, ϕ, z) dϕ < ∞, ≤ z ≤ H. (   )
If c = , then the condition () is satisfied if and only if
H  dz π -π f (ϕ, z) cos mϕ sin mϕ dϕ = , m = , m  , m = , m  ,()with m  = [ (α-)  ],
where [a] is the integer part of a number a ∈ R.
Proof Let α > . Then (see ())
we have the expressions
m, n ∈ N  , where ν n and ν n are some non-zero constants which depend only on n. Observe that
as r → . Thus, if c = , then we get from ()
Hence, we have the estimates
uniformly in S. This yields the obvious validity of the conditions (), (). If c = , then the solution u a can be represented as the sum (). Taking into account that
by just the same reasoning as above, we get for the component u ], where, let us remember, α m and β m are the Fourier coefficients of expansion ():
Thus, in order for the condition () to be fulfilled, orthogonality conditions () are sufficient and necessary. Let α = . Then
and, consequently, Let us couple the assertions of Lemmas - by the following corollary.
Corollary If f ∈ C  (S), then the functions
are such that h i and 
and consider Problem D to equation () (see ()-() in []) with the following boundary value conditions: 
Competing interests
The author declares that he has no competing interests.
